Abstract. In this note, we study the relation between FontaineLaffaille modules and strongly divisible modules, without assuming the main theorem of Fontaine-Laffaille (but we need to assume the main results concerning strongly divisible modules). This in particular gives a new proof for the main theorem of FontaineLaffaille (for p > 2).
1. Introduction 1.1. Overview and main results. This note concerns the relation between some categories in integral p-adic Hodge theory. In integral p-adic Hodge theory, we use various (semi-)linear objects to study Z plattices in semi-stable Galois representations. Several theories have been proposed to classify Z p -lattices in semi-stable representations, normally under certain restrictions (e.g., ramification of base field, HodgeTate weights, crystalline representations only, etc.). For example, we have Fontaine and Laffaille's theory [FL82] of strongly divisible W (k)-lattices, Breuil's theory of strongly divisible S-lattices (see [Bre02] ), the theory of Wach modules developed by Wach, Colmez and Berger ([Wac96, Wac97, Col99, Ber04] ), and T. Liu's theory of (ϕ,Ĝ)-modules ( [Liu10] ) using Kisin modules [Kis06] . Among all these theories, let us point out that Fontaine and Laffaille's theory is particularly simple, and it has generated many powerful applications, most notably, in Galois deformation theory and modularity lifting theorems (e.g., [Ram93, BLGGT14] ).
In order to better understand these various theories in integral p-adic Hodge theory, it is natural to study the relations between them. Let us list some of the studies:
(1) The relation between Wach modules and Fontaine-Laffaille modules was studied in [Wac97] and [Ber04, §V.2]. In particular, a "direct" equivalence between the two categories is established in [Wac97, Thm Concerning item (4) listed above, there is actually a very obvious functor (denoted as M S in our §3.1) from Fontaine-Laffaille modules to strongly divisible S-lattices (already noted, e.g., in [Bre02, Example 2.2.2 (2)]). It is quite intriguing to see if one can actually "directly" prove that the functor induces an equivalence of categories (without assuming the main theorem of Fontaine-Laffaille) . This has proved to be a non-trivial task. In fact, as we will see in our paper, we will need to use some highly non-trivial results ( [GLS14] ) on the shape of Kisin modules (and thus, shape of strongly divisible S-lattices), in order to establish the desired equivalence of categories. Note that we also need to assume the main theorem about strongly divisible S-lattices (proved in [Bre02, Liu08, Gao] ).
The relation we established thus gives a new proof of FontaineLaffaille theory. Clearly, our "new" proof is in no way easier than the original proof. However, we would like to point out that our proof gives another approach to Fontaine-Laffaille theory using the more recent tools in integral p-adic Hodge theory. In particular, it sheds some new light on the intricate structures in Fontaine-Laffaille modules (as well as other integral theories).
Let us (very roughly) state our main result here (see §3.3 for more details).
1.1.1. Theorem. Let p > 2. There exists a functor M FL (see §3.2.5) from the category of strongly divisible S-lattices to the category of FontaineLaffaille modules, which is quasi-inverse to M S .
The above theorem establishes a "direct" equivalence of categories between Fontaine-Laffaille modules and strongly divisible modules. In particular, we can obtain a new proof of (some part of) FontaineLaffaille theory (see §3.3).
1.1.2. Remark. The p = 2 case can also be established, pending some work in preparation [Wan] . See Remark 3.2.2 for more detail.
1.2. Notations. Here, we only quickly recall some standard notations in p-adic Hodge theory. For more details, the readers can see, e.g., [Gao] .
Let p be a prime, k a perfect field of characteristic p, W (k) the ring of Witt vectors,
] the fraction field, K a finite totally ramified extension of K 0 , e = e(K/K 0 ) the ramification index and G = G K = Gal(K/K) the absolute Galois group for a fixed algebraic closure K. Fix a uniformizer π in K and the Eisenstein polynomial We denote by S the p-adic completion of the divided power envelope of W (k) [u] with respect to the ideal generated by E(u) (see, e.g., [Gao, §2.2] for more details). There is a unique map (Frobenius) ϕ S : S → S which extends the Frobenius on S. We write N S for the W (k)-linear derivation on S such that N S (u) = −u. Let Fil j S ⊂ S be the p-adic completion of the ideal generated by γ i (E(u)) :=
which is a unit in S. The embedding S → W (R) extends to an embedding S ֒→ A cris compatible with Frobenius ϕ and filtration.
When V is a semi-stable representation of
where V ∨ is the dual representation of V . The HodgeTate weights of V are defined to be i ∈ Z such that gr i D st (V ) = 0. For example, for the cyclotomic character ε p , its Hodge-Tate weight is {1}. In this paper, we only consider representations with non-negative Hodge-Tate weights.
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Objects in integral p-adic Hodge theory
In this section, we recall some definitions in (rational) p-adic Hodge theory and integral p-adic Hodge theory.
2.1. Rational p-adic Hodge theory. In this subsection, let r be a fixed integer in the range [0, ∞).
A filtered (ϕ, N)-module D is a finite dimensional K 0 -vector space equipped with the usual ϕ, N and a decreasing filtration on ( [Gao, §1] ) is multiplicative (resp. nilpotent). We call the representation Vétale (resp. multiplicative, nilpotent, unipotent) if the corresponding D isétale (resp. multiplicative, nilpotent, unipotent).
], and extend ϕ, N actions on S to
, let MF (ϕ,N ) be the category whose objects are finite free S K 0 -modules D with:
Morphisms in the category are S K 0 -linear maps preserving filtrations and commuting with ϕ and N. A sequence 0 → D 1 → D → D 2 → 0 is called short exact if it is short exact as S K 0 -modules and the sequences on filtrations 0
where
The functor above induces an equivalence between MF (ϕ,N ) and MF (ϕ,N ) . 2.2. Fontaine-Laffaille modules. In this subsection, assume K = K 0 (i.e., K is unramified), and let r be a fixed integer in the range [0, p − 1].
2.2.1. Definition.
(1) Let ′ FL W (k) be the category of finitely generated
is called short exact if it is exact as a sequence of W (k)-modules, and the induced sequence 0 
Proof. 
We define a functor T * cris from the category FL
The following is the main theorem of what we nowadays call FontaineLaffaille theory.
Theorem. [FL82]
( (1) Note that in the original paper [FL82] , they are using a "primitive version" of A cris , see the explanation in
(2) Theorem 2.2.4(1)(b) and (2)(b) were not written down in [FL82] .
Written proofs can be found in [Bre99b] and [GL14] respectively. 
and define ϕ r : Fil r M → M as the composite: Proof. This is first proposed as a conjecture in [Bre02, Conj. 2.2.6]. Some partial results were known by work of Breuil and Caruso (see [Gao, §1] for some historical account). (1) is fully established in [Liu08] , and (2) is established in [Gao] . 
Equivalence of categories
In this section, we fix 0 ≤ r ≤ p − 1, and always assume K = K 0 . In this section, we establish our main results. We first define two functors between Fontaine-Laffaille modules and strongly divisible modules, and then we show they are quasi-inverse to each other.
3.1. From FL modules to S-modules. In this subsection, we define the functor M S :
It is easy to check that it is a well-defined functor. (1) (The tensor product filtration). For any n ≥ 0, let Fil
(2) (The canonical induced filtration). Let Fil 0 M = M, and define inductively, for n ≥ 1,
Lemma. Use notations as in §3.1.2. The two filtrations are the same, i.e., Fil
Proof. It is obvious Fil
s n−r i ⊗ e i where s n−r i ∈ Fil n−r i S}.
(Here we use the convention Fil k S = S when k < 0). Also, any element in Fil n ⊗ M can be uniquely expressed in the form d i=1 s n−r i ⊗ e i as above.
To show Fil n ⊗ M ⊃ Fil n M, we use induction on n. The case n = 0 is trivial. Suppose it is true for n, and now consider the case n + 1.
So we need to show that we must have s n−r j ∈ Fil n+1−r j S, ∀1 ≤ j ≤ d.
• For j such that n − r j < 0, there is nothing to prove, since
we can apply Lemma 3.1.4 to conclude s n−r j ∈ Fil n+1−r j S.
n+1 M to conclude that f π (s n−r j ) = 0, which means that s n−r j ∈ Fil 1 S.
Proof. Write s = n≥i a n E(u) n n! with each a n ∈ W (k) (recall K = K 0 ), and compute explicitly.
3.2. From S-modules to FL modules. In this subsection, we define the functor from Mod 
3.2.2. Remark. Theorem 3.2.1 is the only place we need to assume p > 2. We were notified that in an ongoing work, X. Wang ([Wan]) will extend Theorem 3.2.1 to the case p = 2. Once it is established, all results in our paper will also work for p = 2.
The proof of the following proposition follows a similar strategy as in [Liu15, Prop2. 
Moreover, 1 ⊗ s is also N-equivariant if we equip an N-action on
Proof. Let T be the Z p -lattice corresponding to M, and use notations in Theorem 3.2.1. Write e := 1 ⊗ ϕ e as the basis for M (via the construction in 2.4.4). Then ϕ( e) = eϕ(XΛY ). Let f := eY −1 , then ϕ( f) = fY ϕ(XΛ). Denote A = Y ϕ(XΛ).
Let s be a map sending f( modu) to fB with B ∈ GL d (S). Then s is a section if and only if Write f 0 (A) = A 0 . For all n, let
0 , which is equal to B 0 + n−1 i=0 (B i+1 − B i ). It suffices to show that B n ∈ GL d (S), and p-adically converges to some matrix in GL d (S). We have
The key thing here is that We will continue with our proof, and prove the claim ( * ) in the end. Now
It is easy to see that
, and goes to ∞ as i → ∞. This shows that B i+1 − B i is in Mat d (pS) for all i ≥ 0 and goes to 0 p-adically. This finishes the proof of our Proposition.
Finally, let us prove the claim ( * ). Write 
This shows that in our situation, we precisely have Fil 3.3. Equivalence between FL modules and S-modules. In this subsection, we show that the functors in the previous two subsections are quasi-inverse to each other, and establish our main results.
3.3.1. Lemma. The functor M S (resp. M FL when p > 2) sends unipotent objects to unipotent objects.
Proof. This is easy consequence of the criteria in Lemma 2.2.3 and Lemma 2.4.3. (1) Comparing with the original proof in [FL82] (we also recommend the nice exposition in [Hat14] ), one difference in our "new" proof of Fontaine-Laffaille theory (that is, using Theorem 3.3.2 and Corollary 2.4.8) avoids explicit classification of simple objects (as in [FL82, §4] ) and their related explicit calculations. To be more precise, in the work [Bre02, Kis06, Liu08, Gao] , explicit classification of simple objects were never needed.
(2) Actually, we can also obtain a "new" proof for Theorem 2.2.4(1)(a), by using work in [Car06] (in particular, [Car06, Thm. 1.0.4]). We should also be able to "reprove" Theorem 2.2.4(2)(a), by extending the work of [Car06] to the er = p − 1 unipotent case (indeed, just the e = 1, r = p − 1 unipotent case). To get this "new" proof for Theorem 2.2.4(1)(a), we will then really need to explicitly classify simple objects, which is done in [Car06] . Let us point out that Theorem 2.2.4(1)(a) and Theorem 2.2.4(2)(a) are very useful results. However, their reproof would deviate from the main scope of our current paper, and we do not see anything more interesting in it, so we choose not to carry it out.
